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CN ; Abstract 

A homomorphism from a graph X to a graph Y is an adjacency preserving mapping / : 

QV(X) — > V(Y). We consider a nonlocal game in which Alice and Bob are trying to convince a 
verifier with certainty that a graph X admits a homomorphism to Y. This is a generalization 
1"*** ■ of the well-studied graph coloring game. Via systematic study of quantum homomorphisms we 

prove new results for graph coloring. Most importantly, we show that the Lovasz theta number 
of the complement lower bounds the quantum chromatic number, which itself is not known to 
be computable. We also show that other quantum graph parameters, such as quantum inde- 
pendence number, can differ from their classical counterparts. Finally, we show that quantum 
homomorphisms closely relate to zero-error channel capacity. In particular, we use quantum 
homomorphisms to construct graphs for which entanglement- assistance increases their one-shot 
q-( zero-error capacity. 
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1 Introduction 



The c-coloring game on a graph A consists of two players, Alice and Bob, attempting to convince 
a referee that they have a c-coloring of A [GW02, CHTW04]. The game is played as follows: 
the referee sends each of the players a vertex of X, and each player responds with a color from 
[c] = {1, 2, . . . , c}. To win, the players must respond with the same color when they are sent 
the same vertex, and with different colors when they are sent adjacent vertices. The players 
are not allowed to communicate during the game but may agree on a strategy beforehand. It 
can be easily seen that deterministic players with shared randomness (classical players) can win 
the c-coloring game on X with certainty if and only if there exists a c-coloring of X. On the 
other hand, players allowed to make quantum measurements on some shared entangled state 
can sometimes win the c-coloring game on X with certainty even when X admits no c-coloring. 
Thus the quantum chromatic number, x,j(A), is defined to be the smallest c e N such that 
quantum players can win the c-coloring game on X [AHKS06] . 

Quantum strategies for the coloring game and the quantum chromatic number have been 
well-studied [AHKS06, CMN+07, FIG11, SS12, MSS12]. However, many questions remain unan- 
swered. For example, it is not known whether x q (A) is computable, or whether there exists a 
family of graphs X n such that lim„_j.oo Xq(X n ) < oo but lirrin-^oo x(A„) = oo. Furthermore, 
there are few lower bounds known for quantum chromatic number. The authors of [CMN + 07] 
have shown that the orthogonal rank of a graph is a lower bound on a restricted version of 
quantum chromatic number, but the only general lower bound known is the clique number of a 
graph. 

A homomorphism from a graph X to a graph Y is a function, <j), from the vertex set of X , 
denoted V(X), to the vertex set of Y, denoted V(Y), which preserves adjacency. More formally, 
4> : V(X) —> V(Y) is a homomorphism from X to Y if (f>(x) ~ 4>{x') whenever x ~ x' , where "~" 
denotes adjacency. We will write X — > Y if there exists a homomorphism from X to Y, and 
X -fa Y if not. It is straightforward to see that a homomorphism from a graph X to the complete 
graph on c vertices, denoted K c , is equivalent to a c-coloring of X . Thus homomorphisms are 
a natural generalization of colorings. There is a well-developed and beautiful theory around 
graph homomorphisms [HN04, HT97], and the study of them has given rise to original results 
on graph coloring. 

Echoing the way in which homomorphisms generalize colorings, we have defined a homo- 
morphism game which generalizes the coloring game. To play the (A, Y)-homomorphism game 
for graphs X and Y, each player is sent a vertex of X , and must respond with a vertex of Y. 
In order to win, the players must respond with the same vertex of Y when they are given the 
same vertex of A, and they must respond with adjacent vertices when given adjacent vertices. 
Similarly to the coloring game, classical players can win the (A, Y)-homomorphism game if and 
only if A — > Y. If quantum players can win the (A, Y)-homomorphism game, then we say that 
there is a quantum homomorphism from X to Y and write A \ Y . 

Generalizing quantum colorings to quantum homomorphisms helps to place the idea into a 
broader and more natural mathematical context. Furthermore, a systematic study of quantum 
homomorphisms can potentially yield a better understanding of and new results concerning 
quantum colorings. Indeed, our Theorem 3.2 can be applied to quantum colorings to obtain 
i?(A) < x q {X), a previously unknown and efficiently computable lower bound. Here, X refers 
to the complement of A. Defining quantum homomorphisms also allows us to define quantum 
versions of many other graph parameters, including quantum independence number, which 
turns out to be intimately related to entanglement-assisted zero-error capacity. Lastly, quantum 
homomorphisms afford us many new examples of non-local games which potentially have perfect 
quantum strategies but no such classical strategy. We have already found an infinite family of 
such examples (see Section 4.2). 
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1.1 Preliminaries and Outline 

In this paper graphs will be undirected and, unless explicitly defined otherwise, finite. A graph 
is said to be vertex/edge transitive if for any two vertices/edges, there exists an automorphism 
of the graph that maps one to the other. We will refer to orthogonal projectors (matrices 
which are both idcmpotcnt and Hermitian) simply as projectors, and we will say that two 
projectors A and B are orthogonal if AB — 0. We use Mf(m, n) to denote the space of m X n 
matrices over the field F. We say that a quantum state ip G C d (g> C d is maximally entangled if 
t/j = -y= Yli=i u i ® v ii where {ui, . . . , uj} and {vi, . . . , Vd} are some orthonormal bases for C d . 

The canonical maximally entangled state in <C d <X> C rf is $ = Yli=i e i ® e ii where e% is the 
i th standard basis vector. A positive-operator valued measure (POVM) is a set {E\, . . . , E n } of 
positive semidefinite operators such that X^igH ^* = ^' ^ POVM, or measurement, is projective 
if each Ei is a projector. The rest of the paper is organized as follows: 

In Section 2 we introduce in detail the homomorphism game and the general forms of clas- 
sical and quantum strategies. We also reformulate the question of the existence of a winning 
quantum strategy for a particular homomorphism in terms of the existence of a particular set 
of projectors satisfying certain orthogonality constraints. This is achieved via an argument pre- 
viously used in [CMN+07] to obtain a similar reformulation for the coloring game. We then use 
the reformulation to prove some basic properties of quantum homomorphisms and to rephrase 
them in terms of homomorphisms. 

In Section 3 we show that the order of the Lovasz theta function, d, is respected by quantum 
homomorphisms, i.e. if X — > Y, then $(X) < $(Y). This is followed by section 4 in which 
we define and investigate quantum analogs of some graph parameters that can be defined using 
homomorphisms. We start with quantum chromatic number, which has been previously defined. 
We use the main result of Section 3 to show that the quantum chromatic number of X is lower 
bounded by $(X). Using this bound we are able to show that the quantum colorings given 
in [AHKS06] are optimal. Moving on to quantum independence number, we prove a quantum 
analog of a classical result relating the existence of a homomorphism from X to Y to the existence 
of an independent set of size |V(X)| in a graph depending on X and Y. We then use this 
to construct graphs which have large separation between classical and quantum independence 
number. We again use the result from Section 3 to show that quantum independence number 
is upper bounded by Lovasz theta number. 

In Section 5 we show that the entanglement-assisted one-shot zero-error capacity of a graph 
is lower bounded by the quantum independence number. Furthermore, we show that if the 
entanglement-assisted one-shot zero-error capacity of a graph can be achieved using only pro- 
jective measurements on a maximally entangled state, then it is equal to the quantum inde- 
pendence number. We also show that the order of entanglement-assisted one-shot zero-error 
capacity is respected by quantum homomorphisms, i.e., that Cq(X) < Cq(Y) whenever X A- Y. 

In Section 6 we introduce a new graph parameter which we refer to as projective rank and 
denote £/, that is a generalization of both orthogonal rank and fractional chromatic number. We 
show that this parameter lies between Lovasz theta of the compliment and quantum chromatic 
number. We also show that the order of projective rank is respected by quantum homomor- 
phisms, i.e., if X -4 Y, then £ f (X) < £ f (Y). 

2 Homomorphism Game 

For a graph X and positive integer c, the {X, c)-coloring game is played as follows: a veri- 
fier sends Alice and Bob vertices xa and Xb of X respectively, and they respond with colors 
VAtUb £ [c] accordingly. The players may decide on a strategy beforehand, but are not allowed 
to communicate after receiving input from the verifier. To win, the following conditions need to 
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be satisfied: 



if x A = x B , then y A = y B ; (1) 
if ia ~ then va + Vb- (2) 

The first condition is usually referred to as the consistency condition, while the second condition 
corresponds to the requirements of a proper coloring of a graph. The game is only played for 
one round, i.e. one pair of inputs and one pair of outputs are involved. It is of particular interest 
when quantum players can win the c-coloring game for some graph A for which classical players 
cannot. As mentioned above, the quantum chromatic number is the smallest c £ N such that 
quantum players can win the (A, c)-coloring game. 

For an ordered pair of graphs (X, Y), the (X, Y~)-homomorphism game, consists of a verifier 
sending Alice and Bob vertices Xa and x B of X respectively, and Alice and Bob responding with 
vertices ua and y B of Y accordingly. To win the (A, Y")-homomorphism game, the following 
conditions need to be satisfied: 

if x A = x B , then y A = y B , (3) 
if x A ~ x B , then y A ~VB- (4) 

Like above, the first condition is the consistency condition and the second corresponds to the 
adjacency-preserving property of homomorphisms. When Y = K c , this game reduces to the 
(A, c)-coloring game since inequality is adjacency in the complete graph. When we say that two 
players can "win" a game, we mean that they can win with probability 1. 

2.1 The Classical Strategy 

Any deterministic strategy for the (A, Y)-homomorphism game can be specified by some func- 
tions JatJb '■ V(X) — > V(Y), where Alice responds with /a(x) whenever she receives x as an 
input, and f B is defined similarly. Due to the consistency condition, we must have that f A = f B 
for a winning strategy. Furthermore, it must be the case that f a is in fact a homomorphism 
from A to Y . Conversely, if <fi : A — > Y is a homomorphism, then each player responding with 
4>{x) upon receiving a: is a winning deterministic strategy for the (A, F)-homomorphism game. 

Classical players are in general not restricted to deterministic strategies, they are allowed 
probabilistic strategies which depend on shared randomness. However, in this case their strategy 
can be viewed as a probability distribution over deterministic strategies. Since they must win 
with certainty, each deterministic strategy which occurs with nonzero probability must be a 
winning deterministic strategy. Therefore, by the above there must still exist a homomorphism 
from A to Y in this case. Thus classical players can win the (A, Y")-homomorphism game if and 
only if X -> Y. 

2.2 The Quantum Strategy 

For quantum Alice and Bob, the most general strategy for playing the (A, Y")-homomorphism 
game is as follows: upon receiving input x £ V{X), Alice performs POVM M x — {E xy } yeV (Y) 
on her part of a shared state tp £ C dA (g)C dB and obtains some outcome y £ V(Y), which she sends 
to the verifier as her answer. Bob acts similarly, except that he uses POVMs N x — {F xy } yeV (Y) 
for x £ V(X). The probability that Alice outputs y £ V(Y) and Bob outputs y' £ V(Y) upon 
receiving inputs x,x' £ V(X) respectively is given by ip*(E xy ® F x > y >)ip. Therefore, to win we 
need that 

ip* {E xy <g> F x , y ,) ip = for y ^ y'; 

i>* (Exy ® F x , y ,) ip = for x — x' and y ^ y' , 

where y ^ y' includes the case where y = y' . Since quantum players can always perform at least 
as well as classical ones, we have that A -> Y X A Y. 
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The following theorem was proven by Cameron et. al. in [CMN+07] for the coloring game, 
and the same proof works more generally for the homomorphism game. 

Theorem 2.1. // the (X,Y) -homomorphism game can be won by a quantum strategy, then it 
can be won by a quantum strategy such that 

a. the E xy and F xy are d x d projectors for some d G N; 

b. E xy = F xy for all x G V(X), y G V(Y); 

Furthermore, if Y is vertex transitive, then we may assume that: 

d. The projectors E xy all have the same rank. 

Further following the argument of [CMN+07] we obtain: 

Corollary 2.2. There exists a quantum homomorphism from X to Y if and only if there exist 
projectors E xy for x G V(X), y G V(Y) such that 

E xy = IVxeV(X); (5) 

yeV{Y) 

E xy E x , y > = if (x = x' & y ^ y') or (x ~ x' k y ^ y'). (6) 

We say that "E xy are projectors that give a quantum homomorphism from X to Y" if the 
E xy satisfy the conditions of Corrolary 2.2. 

The following lemma shows that we can further restrict to using only real projectors. We 
will need this fact later when proving results about Lovasz theta. 

Lemma 2.3. There exists a quantum homomorphism from X to Y if and only if there exist 
real projectors E xy for all x G V(X), y G V(Y) satisfying (5) and (6) from Corollary 2.2. 

Proof. The 'if direction is trivial by Corollary 2.2. To prove the other direction, suppose 
that X — » Y. By Corollary 2.2 there exist (possibly complex) projectors E xy G Mc(d, d) for 
x G V(X),y G V(Y) satisfying (5) and (6) above. Let R : M c {d,d) M K (2d,2d) be the map 
defined by 



where $t(A) and 9(A) are the real and imaginary parts of A respectively. It is routine to check 
that R(A + B) = R(A) + R{B), R(AB) = R(A)R(B), and that R takes Hermitian matrices 
to symmetric matrices. Therefore the R{E xy ) for x G V(X),y G V(Y) are real projectors that 
satsify (5) and (6). □ 
Recall from Theorem 2.1 that if Y is vertex transitive we can assume that the projectors used 
in a winning quantum strategy all have the same rank. This gives us the following corollary. 

Corollary 2.4. IfY is vertex transitive, then X — » Y if and only if there exist rank r projectors 
E xy G Mc(d, d) for x G V(X), y G V(Y) for some r, d G N such that 

d = r\V(Y)\; (7) 
E xy E x , y , =Oif(x = x'&y^y')or{x~x'ky^ y'). (8) 

Proof. Suppose that such projectors exist. Since the sum of mutually orthogonal projectors is 
equal to identity if and only if the sum of their ranks is equal to the dimension in which they 
live, we have that 

E xy = IVxeV(X). 

yev(Y) 

Therefore by Corollary 2.2 we have that 1-^7. 



5 



If X Y, then by Corollary 2.2 we have that there exist projectors E xy £ Mc (d,d) for 
x £ V(X),y £ V(Y) for some d £ N that satisfy (5) and (6). Furthermore, since Y is vertex 
transitive, we can assume that the E xy all have the same rank, r, for some r e N. Condition 
(5) then implies that d = r\V(Y)\. □ 

2.3 Basic Properties of Quantum Homomorphisms 

In this section we discuss some basic properties of quantum homomorphisms which we need later. 
First, we show that, like classical homomorphisms, quantum homomorphisms are transitive. 

Lemma 2.5. The relation is transitive: if X —¥Y and Y — > Z, then X Z. 

Proof. Assume that X — > Y and Y — > Z. Consider the (X, Z)-homomorphism game; we now 
describe a strategy to win this game which relies only on the fact that Alice and Bob can win 
both the (X, Y)- and (Y, Z)-homomorphism games. Alice is given xa £ V(X) and Bob is given 
xb £ V(X). Alice and Bob first act as if they are playing the (X, Y)-homomorphism game to 
obtain outputs yA,UB € V(Y) respectively. They then act as if they are playing the (Y,Z)- 
homomorphism game with inputs yA and ys to obtain outputs za, zb £ V(Z) respectively. If 
xa = xb, then yA = yB and then za = zb since Alice and Bob win the {X, Y)-homomorphism 
game and (Y, Z)-homomorphism game. Similarly, if xa ~ xb, then yA ~ J/s and so za ~ zb- 
Therefore, Alice and Bob can win the (X, Z)-homomorphism game, i.e. X ^ Z. □ 
The above proof does not use that fact that the players are using a particular type of 
strategy, therefore this also proves that classical homomorphisms are transitive, though that is 
well-known and easy to see. In the quantum case, the method of "composition" given in the 
proof corresponds to the following: if {E xy : x £ V(X), y £ y(Y)} are the projectors which give 
a quantum homomorphism from X to Y, and {E' yz : y £ V(Y),z 6 V(Z)} are the projectors 
which give a quantum homomorphism from Y to Z, then the following projectors give a quantum 
homomorphism from X to Z: 

E'L= E E xy ®E' yz for xe V(X),ze V(Z). 

yeV(Y) 

The next result was given in different terms in [CMN+07]. It shows that when restricted to 
complete graphs, quantum homomorphisms behave the same as homomorphisms. 

Lemma 2.6. K m K n if and only if m < n. 

Proof. If m < n, then K m — ¥ K n and thus K m K n . 

Now suppose that K m A K n . Let E xy for x € V(K m ),y e V(K n ) be the projectors 
satisfying the conditions of Corollary 2.4. The E xy have rank some r € N and live in Mc(rn, rn). 
For fixed y € V{K n ) the projectors {E xy } x€ y^x m ) are pairwise orthogonal. Therefore, 

E rk (^y) = rm 

and thus rm < rn which of course implies that m < n. □ 

Lemma 2.7. Suppose that X is a connected graph and Y is a graph with components Yi, . . . , Y n . 
If X — > Y , then there exists k 6 [n] such that X A- 

Proof. If A is a single vertex then we are done, otherwise X has an edge. Suppose that X A Y 
and that ^ y for a; € Y(A),y € V(Y) are projectors satisfying the conditions of Corollary 2.2. 
For each i £ [n] and x £ V(X) define E X i as follows: 

E x i f E xy . 

yev(Yi) 
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Since E xy E xy i = for y ^ y' , we have that the E X i are projectors. Furthermore, since the 
V(Yi) partition V(Y), we have that E X iE X j = for i ^ j. Now suppose that x' , x" £ V(X) are 
adjacent. Since y / y' for y € V(Yi),y' £ V(Yj), i ^ j we have that 

E x >iE X "j = for all i ^ j. 

This implies that E x >i (I ~ E x -h) = and (I - E xH ) E x „i = for all i £ [n], as J2ie[n] = 
J2je[n] E X "j — I. Therefore, E x >i — E x >iE X "i — E x m. Since X is connected, we further obtain 
that for each i £ [n] there exists a projector Ei such that E X i — Ei for all x £ V(X). 

Since J2ie[ n ] Ei = I, we can fixate [n] such that Ek ^ 0. Then for all x £ V(X),y £ V(Yk) 
we have that 

^2 E xy = E k 

yev(Y k ) 

E xy E x , y < = if (x = x' & y ^ y') or (x — x' & y ^ y'). 

Hence, when restricted to the image of Ek, the projectors E xy for x £ V(X),y £ V(Y) satisfy 
the conditions of Corollary 2.2 and X -^ Yk as desired. □ 

2.4 Reformulating Quantum Homomorphisms in Terms of Homomor- 
phisms 

Using Corollary 2.2, we can rephrase the question of the existence of a quantum homomorphism 
from X to Y as a question of the existence of a homomorphism from X to a graph, d)l(Y), 
which depends only on Y. In theory, this may offer some assistance in the study of quantum 
homomorphisms, since it allows one to apply results concerning homomorphisms, which have 
been extensively studied. In practice it may not be of much use because the graphs 9JT(Y") seem 
to be difficult to analyse, and in particular contain an uncountable number of vertices. 

Definition. For a finite graph Y and d £ N, define M(Y, d) to be the graph whose ver- 
tices are functions p : V(Y) — > Mc(<i, d) such that p(y) is a projector for all y £ V(Y), and 
J2 y ev(Y)P(y) ~ I- Two such functions, p and p' ', are adjacent if p{y)p'{y') = for all y </> y' . 
Further, define 9Jl(Y) to be the disjoint union of M(Y, d) over all d £ N. 

Note that the vertices of M(Y, d) are exactly projective measurements in dimension d whose 
outcomes are indexed by the vertices of Y. We have the following: 

Theorem 2.8. If X and Y are graphs, then X Y if and only if X —} M(Y,d) for some 
d£N. 

Proof. Suppose that (j) : X -> M (Y, d) for some d £ N. For all x £ V(X) and y £ V(Y), let 
E xy = <p(x)(y). It is straightforward to check that the E xy satisfy the conditions of Corollary 2.2 
and thus X Y. 

Conversely, if X —> Y, then there exist projectors E xy satisfying the conditions of Corol- 
lary 2.2. For each x £ V(X), define p x : V(Y) -> M c (d,d) as p x (y) = E xy . The func- 
tion 4> '■ V(X) —> V(M(Y, d)) defined by <p(x) = p x is clearly a homomorphism from X to 
M(Y, d). □ 

If we really want to only consider a single target graph instead of a family, then we can use 
M(Y): 

Theorem 2.9. If X and Y are graphs, then X A Y" if and only if X — > 9JT(F). 

Proof. If X A- Y then by Theorem 2.8 there exists d £ N such that X -> M(Y,d). Since 
M(Y, d) is a subgraph of Tt(Y), we have that X -> 3Jl(F). 

Now suppose that <fi '■ X — > 9Jl(Y). If X' is a component of X, then the image of X' under 
4> is connected and therefore must be contained in M(Y,d) for some d £ N. Therefore I'Ay 
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by Theorem 2.8, and similarly all components of A have a quantum homomorphism from A 
to Y. Now by considering the (X, Y)-homomorphism game, it is easy to see that X must have 
a quantum homomorphism to Y: each player plays according to the strategy required for the 
component of X from which their input vertex comes. □ 

2.5 Non-signalling Strategies 

We here consider the case in which Alice and Bob have access to more general nonlocal cor- 
relations than those produced by shared entanglement. Mathematically, a correlation can be 
described as a joint conditional probability distribution P(Ya,Yb\Xa,Xb), where Xa and Xb 
are random variables representing Alice and Bob's respective inputs to the correlation, and Ya 
and Yb their respective outputs. The correlation is non- signalling (with respect to the partition 
{(X a ,Ya),(X b ,Y b )})X 

P(Y A = y\X A = x, X B = x') = P{Y A = y\X A — x, X B — x") for all x, x' , x", y 
P(Y B = y\X A = x', X B = x) = P(Y B = y\X A = x", X B = x) for all x, x', x", y. 

The non-signalling restriction corresponds to the fact that the correlation cannot be used by 
Alice and Bob to communicate information to one another. 

It turns out that players with access to arbitrary non-signalling correlations can play the 
homomorphism game just as well as if they were able to communicate during the game. To 
see this note that for any graph X, the (A, A 2 )-homomorphism game can be won using the 
following non-signalling correlation: 

Dfv v w v \ / 5 if $( x a,xb) = S(yA,yB) 

P{Y A = y A ,YB =vb\Xa = x a ,X b = xb) = < q ow 

Here Xa, Xb take values from V(X) and Ya,Yb take values from V(K2), and 8 is the Kronecker 
delta function. Note that there is no way to win the (A, K\ )-homomorphism game if A is not 
empty, since if the players are given adjacent vertices they will always lose. 

3 Lovasz -d 

The Lovasz theta number of a graph A, denoted fl(X), was introduced in [Lov79] as an upper 
bound on the Shannon capacity 0(A). It was later shown to upper bound the entanglement- 
assisted Shannon capacity 9* (A) as well [DSW11, BcilO]. Since i) admits a semidefinite program 
formulation, it can be computed efficiently and is thus of great practical use. In this paper we 
will be mostly interested in Lovasz theta of the complement of a graph, denoted i?(A), as this 
is preserved by homomorphisms. There are various definitions for i?, and hence but the one 
below suits us since it directly defines $ in terms of homomorphisms. 

Definition 3.1. For m € N and a < 0, let S(m, a) be the infinite graph whose vertices are unit 
vectors in H. m and two vectors u and v are adjacent if u T v = a. Then 

d{X) = minjl - - : A ->■ S(m,a), a < o| . 

Note that m is not restrained, but we can assume that m — \V(X)\ if we like, since any set of 
|V(A)| vectors lives in a space of dimension at most |V(X)|. 

From this definition it is clear that if A — > Y, then i?(A) < $(Y). Surprisingly, the same is 
true for quantum homomorphisms. 

Theorem 3.2. IfX^Y, then &(X) < ti(Y). 
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Proof. Suppose that X — > Y and Y — > 5(m, a) for some m <E N and a < 0. To prove the 
theorem it suffices to show that X — > S(m',a) for some m' e N. Since F — > <S(m, a), there 
exist unit vectors v y £ K m for y £ V(Y) such that ujty = a whenever y ~ y'. Since 1-^7, 
Lemma 2.3 implies that there exist reaZ projectors E xy in some dimension d that give a quantum 
homomorphism from X to y. Define vectors u x for a; £ V(X) by 

«i = -!= E Vy ®vec(E xy ) 
V yev(Y) 

where vec(M) is the vector obtained by stacking the rows of M on top of each other. Then we 
have 



u^u x 



1 [ E V y® vec ( E xy) ) ( E v v' ® vec i E - 



K y<£V(Y) 



- r 



(j ^ v T yV yl Tr(E xy E.. 
y,y'£V(Y) 

Since Tr(E xy E xy >) — for all y ^ y', we further get 

,T„, _ 1 V- 




u xUx = ~ d 2^ « y «y Tr(E xy E xy ) 



y£V(Y) 



= >(/) = !. 

So the u K are unit vectors and now we just need to check that u x u x > = a whenever x ~ x' . In 
this case, we have that Tr(E xy E x i y >) — whenever y ^ y' and so 

u x u x > = - E ««V Tr(E X yE x ,y,) = ^ E ^{ExyEx'y') 
y~y' y~y' 

= j E Tt{E xy E x , yl ) = -Tr ( ( E ^y) ( E ^ 



Hence X — > S(md 2 ,a) and we are done. □ 
As we will see in the next section, this theorem can be used to bound quantum parameters 
defined in terms of homomorphisms, such as quantum chromatic number. In general, no algo- 
rithm is known for deciding whether X — > Y. However, if > &(Y), the above theorem 
allows us to conclude that X does not admit a quantum homomorphism to Y. 

There is another graph parameter, x V cc, known as the vector chromatic number [KMS98], 
which is closely related to d. The only difference is that in the definition of x V oc, the vectors as- 
signed to adjacent vertices must have inner product at most some a < 0, as opposed to requiring 
equality. The analog of the theorem above for Xvcc holds, and the same proof works with the 
exception of changing the second '=' in Equation (9) to '<', and noting that Ti(E xy E x r y t) > 
since both matrices are positive semidefinite. 



4 Quantum Parameters 

There are many graph parameters that can be defined in terms of homomorphisms. Having 
defined quantum homomorphisms, it is natural to define quantum analogs of such graph param- 
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eters by simply replacing "homomorphism" with "quantum homomorpliism" in the definition. 
Here we consider the following: 



quantum chromatic number: 
quantum clique number: 
quantum independence number: 
quantum odd girth: 



= min{ra eN:l4 K n }; 
= max{n e N : K„ A X}; 

mm {n e N, n odd : C n A X}. 



x q (x) 

LO q (X) 

a q (X) 
og q (X) 

The above definitions of quantum clique and independence numbers are different from those 
given in [BeilO] and [DSW11]. The quantum clique number of [BcilO] and the various in- 
dependence numbers of [DSW11] are defined in terms of the amount of quantum or classical 
information one can send over a quantum channel, and are therefore more analogous to capacities 
than our notion of quantum independence number. 

It is known that there exist graphs X such that Xq{X) < x{X) [AHKS06, CMN+07, FIG11, 
SS12, MSS12]; we will see that there can also be (large) separations between a(X) and a q (X) 
(and thus between ui(X) and u) q (X)). We are not currently aware of any graphs with a separation 
between og(X) and og q (X). Theorem 3.2 along with the known values of #(C„) can be used to 

show that for odd m and n, C n C m if and only if C n — ¥ C m (i.e. m < n). However, this does 
not preclude the existence of separations between odd girth and quantum odd girth. 



4.1 Quantum Chromatic Number 

The quantum chromatic number has been relatively well-studied [AHKS06, CMN+07, FIG11, 
SS12, MSS12]. In particular a family of graphs exhibiting an exponential separation [BCT99, 
BCW98, AHKS06]. In [CMN+07], the authors show that when restricted to using rank one 
projectors, larger than than exponential separations cannot be achieved. However, in [FIG11] 
it is shown that rank one projectors are not always sufficient to attain Xq(X). Despite these 
advances, some fundamental questions regarding quantum chromatic number remain unsolved. 
For example, it is not known whether Xq{X) is computable or whether there exists a sequence 
of graphs X n for which lim n ^oo x{X n ) — oo but lim n _>oo Xq(X n ) < oo. 

Our main result concerning quantum chromatic number is the following lower bound which 
is a direct consequence of Theorem 3.2: 

Corollary 4.1. For any graph X , 

#(X) < Xq(X). 

Proof. Let c = x q {X). Then X ^ K c and by Theorem 3.2, < &(K C ) = c. □ 

This lower bound on x q {X) is new 1 and, as lo(X) < fl(X), it improves upon the best 
previously known lower bound, oj(X). Furthermore, since oj(X) is NP-hard to compute, the 
above is also an improvement in terms of efficiency. This is particularly useful since it is not 
known if Xq(X) is even computable. 

since x q is n °t known to even be computable, it is useful to be able to efficiently bound it. 
We now use this lower bound to compute the exact value of the quantum chromatic number 
for a well-known class of graphs. For n E N, let fi„ be the graph whose vertices are the ±1 
vectors of length n with orthogonal vectors being adjacent. We only consider the case when 
4|n, since otherwise VL n is either empty or bipartite. In such result of Frankl and Rodl 

[FR87] implies that x(^n) is exponential in n. On the other hand, it is known that x g (f2„) < n 
for all n £ N [AHKS06]. However, it it remained unknown whether this inequality is tight for 
4|n. To show this, we first compute #(f2 n ) for 4|n. 

Lemma 4.2. If n is divisible by 4, then i?(O n ) = n. 

Proof. 2 Let n = 4m. In [Lov79], it was shown that if X is regular (all vertices have equal degree) 

1 Through private communication we have learned that $(X) < Xq{X) has been independently proven (but not 
published) by M. Laurent, G. Scarpa, and A. Varvitsiotis. 

2 This proof is a minor modification of a proof from unpublished notes of Simone Severini. 
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and edge transitive, then 

tfpr) = \v(x)\ 



Am in An 



where A max and A m i n are the largest and smallest eigenvalues of the adjacency matrix of X, 
respectively. Since f2„ is regular and edge transitive, we can use this equality to compute 
i9(f2 n ). The maximum eigenvalue of a regular graph is just the degree of the graph, and so for 
VL n this is equal to (2™)- The minimum eigenvalue of n for 4|n was computed in [God03] and 
is equal to — (^£)/(4m ~ Therefore, 



i?(n„) - 2 



1 9™ 

4m- 1 on 1 Z 



(£) /4m\ l + (4m-l) n 

4m-l V2m/ 

Another result from [Lov79] states that for a vertex transitive graph X, 

0(X)4(X) = \V(X)\. 
Since J7„ is vertex transitive as well, we obtain that 

0(fi„) = n 

as desired. □ 
Combining the above with Corollary 4.1 yields the following: 

Corollary 4.3. If n is divisible by 4, then Xgi&n) — n. □ 

Curiously, {£l4 n }neN is an infinite family of graphs for which the quantum chromatic number 
is known exactly, while the chromatic number remains unknown (for n > 2). 



4.2 Quantum Independence and Clique Numbers 

In this section we show that any graphs X and Y such that X — > Y but can be used to 

construct a graph Z for which a q (Z) > a(Z), and thus w q (Z) > ui(Z). Such constructions show 
that quantum advantage can also occur for homomorphism games with non-complete target 
graphs. We begin with a definition from [HN04]: 

Definition. For graphs X and Y, define their homomorphic product, denoted X x Y, to be the 
graph with vertex set V(X) x V(Y) with distinct vertices (x,y) and (x',y') being adjacent if 
either x — x' , or x ~ x' and y 7^ y' . 

It is useful to consider this product because the edges in X k Y correspond exactly to the 
required orthogonalities for projectors giving a quantum homomorphism from X to Y. We will 
often use the following two properties: 

K lv(Y)l -^XkY (10) 
X~kY ^ K\ V(X )\- (11) 

Both of these properties follow from the fact that the sets V x = {(x, y) : y € T^(F)} for x G V(X) 
induce cliques of size |V(y)| and partition V(X x Y). 

The following lemma is the original motivation for defining the homomorphic product, and 
it is stated as Exercise 7 in Chapter 2 of [HN04]. 

Lemma 4.4. For graphs X and Y, we have that X —> Y if and only if a(X x Y) = \ V(X)\. 



11 



Proof. Let m = \V(X)\ and n = \V(Y)\ and note that 



a(X X Y) = lj(X x Y) < x{X x Y) < m 

by Property (11). So a(X x Y) = m if and only if J k F has an independent set of size m. 

Suppose that </3 : X — > Y is a homomorphism. Then the set {(x, </?(x)) : x € V(X)} is an 
independent set of size m in X x y. 

Conversely, let 5 be an independent set of size m in X x Y. Since the set {(x, y) : y £ V (Y)} 
induces a clique for all x € ^(A), and there are m such sets partitioning V^(A X Y"), there must be 
exactly one vertex of S whose first coordinate is x for every x £ V(X). Define <f> : V(X) — > V(Y) 
as follows: 

4>{x) — y for the unique y such that (x, y) £ S. 

It is straightforward to check that <f> is a homomorphism. □ 
Somewhat surprisingly, a quantum analog of this lemma also holds. 

Lemma 4.5. For graphs X and Y , we have that X Y if and only if a q [X x Y) = \V(X)\. 
Proof. Let m = \V(X)\ and n = \V(Y)\. Note that 

a q (X KY)= u q (X X Y) < x q {X x Y) < X (X X F) < m 

by Property (11). So a q (X x Y") = m if and only if A m 4l«F. 

Suppose that X — > Y and consider Alice and Bob playing the (K m , X x Y)-homomorphism 
game. We will describe a winning strategy for this game, thus proving one direction of the 
lemma. Since m = \V(X)\, we can assume that K m and X have the same vertex set. When 
Alice and Bob are given inputs xa,xb £ V(K m ) = V(X), they act as if they are playing the 
(X, Y)-homomorphism game with Xa and xb as their inputs in order to obtain y^, yB £ V(Y). 
They then output (xa,Va) and (xb,Vb) respectively. If xa = xb, then yA — yB and thus 
{xa-iVa) — ( x BiUb)- If xa ^ xb, then either xa ~ xb in X or xa ^ xb in X (note that ^ 
means "neither equal nor adjacent to" and is equivalent to "adjacent in the complement"). In 
the former case, we will have that yA ~ yB and thus (xa, Va) ^ (xb,Vb) in A x Y and therefore 
(xa,Va) ~ {xbiVb) in A x Y. In the latter case, we have that (xaiVa) 9^ (xb,Vb) in A x Y 
regardless of yA and ys, and therefore (xa,Va) ~ (^b,2/b) in X x Y. So Alice and Bob can 
win the (K m ,X x Yj-homomorphism game and therefore a q (X x Y) = |V(X)|. 

Conversely, suppose that a q (X x Y) = m, and that Pi( x ,y) G Mc(d, d) for i S [m], x G 
y(A), y e V(Y") are the projectors corresponding to a winning strategy for the (K m , X x Y)- 
homomorphism game. Then for all i £ [n] 

xeV(X),yeV(Y) 

and 

Pi(x,y)Pj(x' ,y') = 

whenever (i = j & (x, y) ^ (x',y' j) OR (i 7^ j & (x,y) / (x',y') in A x Y). Considering how 
adjacency is defined in Ax Y, we can rewrite the orthogonality conditions above as Pii x ,y)Pj(x',y') — 
if one of the following hold: 

a. i = j and (x, y) ^ (x', y'), or 

b. i ^ j and x = x', or 

c. i 7^ j and x ~ x' and y ^ y' . 
For each x € V(X),y € V(Y) define 

— Pi(x,y)- 
*€ ['»] 
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We claim that the Q xy are projectors which satisfy the conditions of Corollary 2.2 for the (X, Y)- 
homomorphism game. They are indeed projectors since by (b) they are the sum of mutually 
orthogonal projectors. 

Now we must check that the Q xy satisfy the orthogonality conditions (6): 

IxyQx'y' = I J]] Pi{x,y) J I Pj(x'.y') J = J]] P'i{x,y)Pj{x' ,y') 

K i€[m] J \j'£[m] / i,j€[m] 

if x = x' & y ^ y' by (a) and (b) 

if x ~ x' & y y' by (a) and (c) 

something o.w. 

These are exactly the needed orthogonalities and so it is only left to show that for all x £ V(X) 

E Q*v = L ( 12 ) 

y£V(Y) 

Since for a fixed x £ V(X), the Q xy are mutually orthogonal, we have that X)j,ey(y) T k(Q xy ) < d 
with equality if and only if (12) holds. By (a) we have that 

E rk { P Hx,v)) = rk E p {*,y) = rk ( 7 ) = d 

xey(x),yey(y) \xev(x),yev(Y) J 

for all z £ [m). Therefore, 

md = E E rk ( P i(*,s/)) = E rk E P *(*>v) 

ie[m] \xev(x),yev(Y) ) xev(x), y ev(Y) \ie[m] 

= E f E ^(Q-y)) < \V(X)\d = md 

xeV(X) \yeV(Y) J 

where the second equality follows from (b). Of course this implies that YlyevtY) ^(Qxy) = d 
for all x £ V(X) and thus (12) holds and we are done. □ 

Interestingly, one direction of the above lemma can be proved without appealing to the actual 
strategy being used, while the other direction cannot. Indeed, if X is the path on three vertices, 
and Y = K\, then there is no non-signalling correlation which wins the (X, K)-homomorphism 
game (if Alice and Bob receive adjacent vertices they have no way of winning). However, X K Y 
is a single edge plus an isolated vertex, and so any graph (including arbitrarily large cliques) can 
be mapped to X x Y using a non-signalling correlation as described in Section 2.5. Therefore 
the non-signalling version of the "if direction of this lemma does not hold, and thus any proof 
of it has to appeal to the particular type of strategy being used. 

We now show how to construct graphs exhibiting separations between independence and 
quantum independence numbers. This construction is inspired by, and a generalization of, 
Theorem 16 of [MSS12]. 

Corollary 4.6. If X -fr Y and X 4 Y, then a(X xY) < a q (X xY). 

Proof. If X -ft Y, then a(X x Y) < \V(X)\. If X 4 Y, then a q (X xY) = \V(X)\. □ 

By the definition of quantum independence number, the above corollary states that if X -ft 
Y a nd X Y, then K n ft X xY and K n 4 X xY, where n = \V(Y)\. Therefore the 
(K n ,X x y)-homomorphism game exhibits quantum advantage, and by Lemma 2.6 the graph 
X x Y is not (homomorphically equivalent to) a complete graph. 
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Unfortunately, the above result does not guarantee a large separation. However, we will see 
how to remedy this in some cases. 

For graphs X and Y, their Cartesian product, denoted XOY, is the graph with vertex set 
V{X) x V(Y) with two vertices being adjacent if they are equal in one coordinate and adjacent 
in the other. Note that X k K n = XOK n for all graphs X. A classic theorem of Vizing's states: 

a{XUY) < mm{a(X)\V(Y)\,a(Y)\V(X)\}. 

Suppose that X is a graph such that Xq(X) = c <C \V(X)\/a(X) (note that this necessarily 
implies that x«P0 < x(X)). We have that X 4 K c and therefore a q (XDK c ) = \V(X)\. 
However, applying the result of Vizing, we obtain a(XDK c ) < ca(X) <C |F(X)|. 
Applying this approach to the graphs fi n , we get the following: 

Corollary 4.7. There exists an e > 0, such that for ntN divisible by 4 

a q (n n DK n ) > 1 / 2 y 
a{n n UK n ) ~ n \2-eJ 

Proof. We have mentioned that Q„ A- K n , so by Lemma 4.5, a q (fl n DK n ) = |V(O n )| = 2™. A 
result by Frankl and Rodl [FR87] shows that there exists an e > such that for n £ N divisible 
by 4, a(Q n ) < (2 - e) n . Applying the Vizing result gives that a(fl n DK n ) < n{2 - e) n . □ 
The idea and proof for the above corollary is identical to Theorem 17 in [MSS12], though 
their result is about one-shot zero-error capacities rather than independence numbers. 

As with quantum chromatic number, Theorem 3.2 lets us bound the quantum clique number 
of a graph. 

Corollary 4.8. For any graph X, 

Lj q (X) < &(X) k a q {X) < 

Proof. Let n = 0J g (X). Then K n A X, and by Theorem 3.2 we have n = d(K n ) < d(X). □ 
Applying the above to Lemma 4.5, we further obtain: 

Corollary 4.9. If X 4 Y , then 

iS{X kY) = \V(X)\. 
Proof. By Property (11) of the homomorphic product, we get 

d(X k7) = d(X k F) < x(X k Y) < \V(X)\. 
Suppose that X Y, then by Corollary 4.8 and Lemma 4.5 we have 

&(X t*Y)> a q (X k Y) = \V(X)\. 

□ 

Though this corollary is weaker than Lemma 4.5, it may be of practical use since i9 can be 
computed efficiently. 

Another nice consequence of Theorem 3.2, and more specifically Corollary 4.8, is a quantum 
version of the well-known clique-coclique bound for vertex transitive graphs: 

Corollary 4.10. If X is a vertex transitive graph, then 

a q (X)cj q (X) < \V(X)\. 
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Proof. In [Lov79], it is shown that i9(X)$(X) = \V(X)\ for any vertex transitive graph X. 
Applying Corollary 4.8 we see that 



a q (X)u q (X)<0(X)#(X) = \V(X)\. 

□ 

The clique-colique bound is a special case of the no-homomorphism lemma [AC85], which 
states that if X — > Y, and Y is vertex transitive, then 

\v(x)\ < \vgo\ 

a(X) ~ a{Y) ' 

So it is natural to ask if a quantum version of the no-homomorphism lemma holds true. In 
particular this would imply that for all graphs X, 

a q {X) 

It turns out that this does not hold. Recalling the graph f2 n , for 4|n we have the following: 

on 

Xq {n n )=n and a q (fl n ) < tf(fi n ) = — and \V(Q n )\ = 2 n . 

Since, a q (£l n ) is integer, we have that a q (Q n ) < L^T-I' an< ^ thus Q!q(O n ) < — whenever n is not 
a power of 2. Therefore, we have that 

\v{n n )\ ^ 2" 



a q (Q 

when n is a multiple of 4 but not a power of 2 



4.3 Quantum Homomorphisms to Kneser Graphs 

Here we prove a lemma which relates the existence of quantum homomorphism from X to Y 
to the existence of a quantum homomorphism from X k Y to a particular Kneser graph. The 
Kneser graph, K n - r , is the graph whose vertices are the r-subsets of the set [n] wtih disjoint sets 
being adjacent. 

Lemma 4.11. Let X and Y be graphs. Ifn,rEN are such that — = \V(Y)\, then 

X x Y ->■ A" n:r =*> A -> F 



and 

a k y ^> K n:r =>iAy 

Proof. Suppose that A k y — >• A„ :r . The r-subsets of [n] containing the element 1 give an 
independent set of K n:r of size («Zi)i an d thus a(A„ :r ) > (™Zi) f° r a ll values of n and r. Since 
K n:r is vertex transitive, we can apply the no-homomorphism lemma [AC85] to obtain that 

\V{* >< n < l^(^n:r)| < n = 

a(X k y) ~ a(A n:r ) ~ r 1 1 ;| * 

Therefore, a(A k y) > |y(A)| and by Lemma 4.4 A -> y. 

The proof of the quantum statement uses results and discussion from Section 6. Suppose that 
Ik74 A„ :r . Since K n - r has a projective representation of value — = |y(y)|, by Theorem 6.6 
so does A k y, and therefore by Corollary 6.1, A — > Y. □ 
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Lemma 4.12. If X and Y are graphs and G is a subgroup of Aut(Y) that acts transitively on 
V(G), then 



and 



X -> Y X x Y -> K, n , igi 



X ^Y ^ X <kY \ K | G | 

|V(V)| 



Proof. Let G be as stated and let n = \G\ and r = |G|/|y(Y)|. Note that we can view the 
vertices of K n:r as being r-subsets of G. We will prove both forward implications simultaneously. 
Suppose that Alice and Bob can win the (X, Y)-homomorphism game. For all y, y' € V(Y) let 

G{y,y') = {^EG:<t>{y) = y'}. 

Note that G(y, y') is a coset of the stabilizer of y. Since G acts transitively on V(Y), the orbit 
of any vertex is V(Y), and therefore 

\G(y,y')\=\G\/\V(Y)\=r 

for all y, y' £ V(Y). Consider the following strategy for the (X x Y, if n:r )-homomorphism 
game. Upon receiving (x A , 2/a)i ( x b- Vb) € V(X tx Y), Alice and Bob act as if they are playing 
the (X, Y)-homomorphism game with x A ,x B € V(X) to obtain y' A ,y' B € VCO- They then 
respond with G(y A ,y' A ) an d G(y B ,y' B ) respectively. To show that this is a valid strategy for 
the (X x y, A" n: ,.)-homomorphism game, we have two cases: 

• If (xajZm) — (xB,yB), then = a^s and therefore y' A = y' B . Furthermore, yA = yB and 
so G(y A ,y' A ) = G(y B ,y' B ). 

• If (x A , yA) ~ (is, ys), then we have two subcases: 

— If xa — x B and y A ^ y Bl then y' A = y' B . Since no automorphism of Y can map both 
y A and y B to the same vertex, G(y A ,y' A ) and G(y B ,y' B ) are disjoint. 

— If Xa ~ a^s and j/a 7^ then ~ y' B . Since no automorphism of Y can map 
two (possibly equal) nonadjacent vertices to two adjacent vertices, G(2/A:2/a) anc ^ 
G(yB,y' B ) are disjoint. 

The other direction of each statement is proven by Lemma 4.11 and the fact that 

^ = \V(Y)\. 

\G\/\V(Y)\ 1 1 n 

□ 

Applying Theorem 3.2 to the above, we obtain a corollary similar to Corollary 4.9: 
Corollary 4.13. If Y is vertex transitive and X Y , then 

#(X x Y) = \V(Y)\. 

Proof. Recalling property 10, we see that 

$(X x Y) > u(X x Y) > \V{Y)\. 

By Lemma 4.12, X x Y 4 K n -. r for n = |Aut(Y)|, and r = |Aut(F)|/|F(Y)|. Applying 
Theorem 3.2 we have that 

— — 77 

#(X x Y) < d{K n .. r ) = - = \V(Y)\ 
r 

where the value of $(K n:r ) comes from [Lov79]. □ 

As with Corollary 4.9, the above result is strictly weaker than Lemma 4.12, but since 
is efficient to compute, it may be of more practical use. Note that in the case of Y being 
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vertex transitive, the above is strictly stronger than Corollary 4.9. To see this, note that 
d(Z){)(Z) > \V(Z)\ for any graph Z was proven in [Lov79]. Therefore, if X 4 Y, then by the 
above corollary we have that 

v ' ~ §(X kY) 1 v n 



5 Zero-Error Capacity 

In this section we investigate the relationship of quantum homomorphisms to zero-error channel 
capacity. We start by explaining the setting of zero-error communication. 

Suppose Alice wants to use a noisy classical channel Af to communicate messages to Bob with 
zero probability of decoding error. The channel Af is completely specified by the set of inputs 
Z, the set of outputs W and a conditional probability distribution Af(w\z), the probability to 
output w upon inputting z. Inputs z and z' are said to be confusable if there exists w € W such 
that Af(w\z) > and A/"(w|z') > 0. To represent a channel Af, we use its confusability graph Xj\f. 
This is a graph with vertex set Z in which distinct vertices z, z' are adjacent whenever inputs 
z and z' are confusable. Note that A/v does not have loops even though input z is confusable 
with itself. 

The one-shot zero-error capacity, cq(AT), is the largest number number of different messages 
that Alice can send to Bob with zero probability of error by one use of Af. Since Co (Af) is the 
largest set of inputs among which no two are confusable, we have that Co(Af) = a(X^/). It turns 
out that one-shot zero-error capacity can increase if Alice and Bob are allowed to use shared 
entanglement [CLMW10]. The capacity in this case is referred to as the entanglement-assisted 
one-shot zero-error capacity, and denoted Cq(7V). As in the unassisted case, it can be shown 
that Cq(A/") only depends on the confusability graph Xj^r [CLMW10]. Thus, from now on we can 
consider one-shot capacities of graphs and write co(X) or Cq(X). For each graph X, we choose 
a canonical channel Af that has X as its confusability graph. This is the channel with input set 
V(X), output set E(X), and Af(e\x) = de g^ ■ For isolated vertices we can either add loops or 
allow for isolated vertices to be outputs of our channel. 

We now describe the general form of a quantum protocol that Alice and Bob can use to 
transmit one of m different messages over Af using a shared entangled state %/). To send message 
i € [m], Alice measures her part of ip using a POVM E % — {Ei Z } ze z- She then uses the 
measurement outcome z as the input to the channel. Bob receives some output w such that 
Af(w\z) > 0. To recover the original message i, he performs a measurement on his residual state 
Pi := Tr A ((E iz ® I)tpip*), where Tr A : C dA <g> C dB -t C ds is the map defined by Tr A (M ® N) = 
Tr(M)N and extended linearly. A successful recovery can be ensured if and only if 

Tr^'/jj,) = for all distinct i,j € [m] and all confusable z, z' e Z. (13) 

Note that Tr(/3*/3^,) — if and only if P % Z P 3 Z , = since fi\ and j3 3 z , are positive semidefinite. 
The above is necessary since confusable inputs can result in Bob receiving the same output w. 
It is sufficient since, given w, Bob can recover i with certainty by discriminating between the 
mutually orthogonal operators 

z.H{w\z)>0 



5.1 Relation to Quantum Independence Number 

Recalling that Cq[X) — a(X) for any graph X, it is natural to ask if there is any relation 
between the entanglement-assisted one-shot capacity and the quantum independence number. 
The following theorem shows that these two parameters are indeed related. 

Theorem 5.1. For any graph X , 

a q (X) < eg (JQ 



17 



with equality if and only if Cq(X) can be achieved using a strategy in which all of Alice's mea- 
surements are projective and the shared state is $ = -7= y\ —1 a <g> Ci £ C d ® C d for some 

deN. 

Proof. We will make use of the following identity, which can be proved easily using the techniques 
from [WBC11]: 

Tt{Tt a ((E <8> /)$$*) Tr A ((F ® /)***)) = -rTr(^F). 

er 

Let -E^ G Mc(d,d) be projectors that give a quantum homomorphism from if m to X, where 
m = a 9 (A). We will show that the Ei x along with the shared state $ give a valid strategy for 
sending m messages with X. Bob's residual states for this strategy are 

i x =Tr A ((E ia: ®I)9>9>*). 

It remains to show that the above operators satisfy Condition (13). If i ^ j and (x ~ x' or 
x = x'), then by the winning conditions of the (K m , X)-homomorphism game, we have that 
Tr(E ix Ej X >) — 0, and therefore 

Tr(4/t) = 0. 

That is, Condition (13) is satisfied. Therefore a q (X) < Cq(X). 

Now suppose that Alice can use projective measurements Ei X and the shared state, <i>, to 
send m messages with X . From the discussion above, we have that 

= Tr(Tr A ((E lx ® I)W)Hr A ((E jx , ® /)$$*)) = i Tv{E tx E ]x ,) 

for all i 7^ j, and confusable x, x'. Note that a; is confusable with x' if and only if x ~ a;' or 
x = x'. Since the -E^'s are projectors, we also have that Tr(Ei X Ei X r) — for all i G [m] and 
x =/= x' . These are all the orthogonalities required to win the (K m , X)-homomorphism game. □ 
If in fact Cq(X) can always be achieved using projective measurements on the maximally 
entangled state, then a q (X) = Cq(X). In light of this we conjecture the following: 

Conjecture 5.2. For any graph X , 

a q (X)=c*(X). 

As a corollary to the above theorem, we obtain a method for constructing a graph Z with 
cq(Z) < Cq(Z) given graphs X and Y such that X — > Y but X -/> Y. This was already proven 
for Y = K n in [MSS12]. 

Corollary 5.3. If X 4 Y but X -fr Y , then 

co(XkY)<c* (XkY) = \V(X)\. 

Proof. First, note that 

c* (X K Y) < &(X k Y) < X (X x Y) < \V(X)\. 
Now since X ~/^Y and I 4 7, we have that 

c (X kY) = a(X txY) < \V(X)\ = a q {X x Y) < c* (X tx Y) < \V(X)\. 

□ 
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5.2 Relation to Quantum Homomorphisms 

Here we show that quantum homomorphisms respect the order of entanglement-assisted one-shot 
zero-error capacity. 

Lemma 5.4. If X Y , then c* (X) < c* (Y). 

Proof. Suppose that X Y and that P xy £ M<c(ei, ei), for x £ V(X),y £ V(Y) are projectors 
which give such a quantum homomorphism. Furthermore, let Ei x , i £ [to], x £ V(X), be POVM 
elements and ip the shared state giving a strategy for sending to messages with X. Then Bob's 
residual states for this strategy 

satisfy the orthogonality condition (13). Let $ = A= Yli=i e « ® e ii and let 

P' i v — \ Pxy ^ Fix 

XEV(X) 

for all i £ [m], y £ V(Y). We claim that the POVMs {Fiy} y ev(Y) and the state $ ® ^ give a 
valid strategy for sending to messages with V". First, note that 

XI F ^ = X Px v ® E ™ = E 1 ® S ^ = 7 

Second, each i* 1 ^ is positive semidcfinite since it is the sum of tensor products of positive 
semidefmite matrices, therefore the {Fiy} y ^v(Y) are indeed POVMs. If we use A' and A to 
denote the spaces in Alice's posession, then the the residual states are given by 

a* = TtA'A ( X {{P xy ® ® {{E lx ® J)^V*) 

Suppose that i 7^ j and y, y' are confusable, i.e. y is not adjacent to y' in Y\ Then 

i,i'eV(X) x^x'inX 

where the last equality holds because of the orthogonality constraints on the P xy . This shows 
that Alice and Bob can send to messages using Y. □ 
The entanglement-assisted Shannon capacity, 0*, is the asymptotic version of Cq, and is 
defined as 



Q*(X) = lim {/cZ(X® n ). 



Here, XMY is the graph with vertex set V^(X) x V(Y") with two distinct vertices being adjacent 
if each coordinate is either equal or adjacent, and X Bn is the product of X with itself n times. 

The value of 0* corresponds to the per use capacity of a channel with entanglement- 
assistance in the limit of many uses. We now prove an asymptotic version of the above lemma. 
To avoid messy notation, we define the following: 



X n := X 

9, 



Lemma 5.5. If X A Y , then Q*(X) < B*(Y). 
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Proof. Suppose that X Y. It suffices to show that c* (X n ) < Cq (Y n ) for all n e N. By the 

previous lemma this holds if X n \ Y n for all n € N. It is straightforward to check that two 
vertices (#1, . . . , x n ) and (a^, . . . , x' n ) are adjacent in X™ if and only if a;, ~ a;^ for some i G [n]. 

To win the (X n , Y")-homomorphism game Alice and Bob may play as follows: When they 
receive (xi, . . . , x n ) and (x[, . . . , a4) respectively, they act as if they are playing the {X, Y)- 
homomorphism game with each coordinate to obtain (yi, ■ . ■ ,y n ) and (j/^ , . . . , y' n ), which they 
respond with accordingly. If the vertices they received were equal, then each coordinate was 
equal and therefore they responded with equal vertices. If the vertices they received were 
adjacent, then there exists i € [n] such that Xi <~ x\ and therefore yi ~ y[ and thus they 
responded with adjacent vertices. 

Therefore, X n 4 Y n and so c* (X^) < c* (W) for all neff. □ 



6 Projective Rank 

As we have seen, the existence of a quantum homomorphism from a graph X to a graph Y 
is related to the existence of a set of projectors satisfying certain orthogonality conditions. 
Furthermore, when Y is vertex transitive, it can be assumed that the projectors all have the 
same rank. Noting that the orthogonality conditions of Corollary 2.4 exactly correspond to the 
adjacencies of X tx Y, we see that a set of projectors satisfying the conditions in Corollary 2.4 
is exactly an assignment of rank r projectors from Mc (d, d) to the vertices of X k Y such that 
adjacent vertices receive orthogonal projectors and d = r\V(Y)\. This motivates the following 
definition: 

Definition. A d/r-projective representation (or simply a d/r-representation) of a graph X is 
an assignment of rank r projectors in Mc(d, d) to the vertices of X such that adjacent vertices 
are assigned projectors which are orthogonal to each other. We say that the value of a d/r- 
representation is the rational number ^, i.e. a 3/1-representation is not a 6/2-representation, 
but they have the same value, namely 3. 

If one prefers a more geometric definition, they may think of a d/r-representation as assigning 
r-dimensional subspaces of C d such that adjacent vertices receive orthogonal subspaces. Since 
two projectors are orthogonal if and only if their images are orthogonal, this is clearly equivalent 
to the above definition. 

Using the same trick as in the proof of Lemma 2.3, we see that if a graph X has a d/r- 
representation, then it has a 2d/2r-representation using real projectors. Therefore, if X has a 
projective representation of value a, it has some projective representation of value a that uses 
only real projectors. 

The following corollary is the original motivation for defining projective representations, and 
simply amounts to a rephrasing of Corollary 2.4. 

Corollary 6.1. If Y is vertex transitive, then X Y if and only if X fx Y has a projective 
representation of value \V(Y)\. 

Proof. The orthogonality conditions in Corollary 2.4 exactly correspond to adjacencies in X tx Y, 
and a projective representation of X k Y having value |V(y)| corresponds to the condition 
d = r\V(Y)\. □ 
Since X X Y contains a clique of size |V(Y)|, it has a projective representation of value 
| V(Y)| if and only if this is the minimum value of any projective representation of X k Y. This 
motivates the following definition. 

Definition. The projective rank of a graph X, denoted £f(X), is given by 
£f(X) = inf | — : X has a d/r-representation 1 . 
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If we let fl(r,d) be the graph whose vertices are the rank r projectors in Mc(d, d), and in 
which adjacency is orthogonality, then it is clear that a rf/r-representation is simply a homo- 
morphism to 0(r, d). Therefore, 

£ f (X) = inf j~ : X -> n(r,d)J . 

From this it is trivial to see that £y is preserved by homomorphisms. 

Note that it is not clear whether or not the infimum in the definition of £f is always attained 
for every graph, or even if it is always rational. Recall that if a graph has a d/r-representation, 
then it has a 2d/2r- representation using real projectors. Therefore restricting to real projectors 
does not change the value of £f(X). 



6.1 Relation to Other Parameters 

An orthogonal representation of a graph is an assignment of nonzero vectors to its vertices such 
that adjacent vertices receive orthogonal vectors. The minimum dimension in which there exists 
an orthogonal representation of a graph X is known as its orthogonal rank, and is denoted by 
£(X). This parameter has been investigated in various papers including [CMN+07]. Clearly, a 
projective representation using rank 1 projectors is equivalent to an orthogonal representation, 
and one can think of projective rank as a fractional version of orthogonal rank. Due to this, we 
have that 

z f (x) < ax) 

for all graphs X. 

One can also think of projective rank as a subspace version of fractional chromatic number: 
a homomorphism from X to Kd- r can be transformed into a homomorphism to fl(r,d) by 
simply mapping elements of [d] to standard basis vectors and an r-subset of [d] to the projector 
whose image is the subspace spanned by the vectors corresponding to its elements. Since the 
fractional chromatic number of a graph X, denoted Xf(X), is the minimum value of d/r such 
that X — y Kd.r [GR01], we see that 

Z f (x) < xf(x) 

for all graphs X. 

Slightly less trivially, we have the following: 

Lemma 6.2. For any graph X , 

£ f (X)< Xq (X). 

Proof. Suppose that X has a quantum c-coloring, i.e. a quantum homomorphism to K c . This 
means that there exists projectors E xi for all x € V(X) and i G [c] of rank r in dimension cr such 
that E X iE x >j = whenever [x — x' & i ^ j) or [x ~ x' & i — j). In particular, E x \E x t\ = 
whenever x ~ x' and thus the projectors E x \ give a projective representation of X of value 
f = c. Therefore ^ f (X)<c □ 

Note that the above lemma is also implied by the fact that quantum homomorphisms respect 
projective rank, Theorem 6.6 below, since the projective rank of K c can easily be seen to be c. 

In [Lov79], it was shown that fl(X) < £(X) and $(X) < Xf(X) for any graph X. Here we 
show that the same is true for projective rank. The proof uses the following definition of ■#: 

Definition 6.3. For any graph X with vertices xi, . . . , x n , we have that 

&(X) = minmax ) 

<f>,c ie[n] (c 1 cp{Xi))' ! 

where <p is an assignment of real unit vectors to the vertices of X such that nonadjacent vertices 
are assigned orthogonal vectors and c is any unit vector. 
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We are now prepared to prove the above mentioned result. 
Theorem 6.4. For any graph X , 

#{X) < MX). 

Proof. We will show that $(X) < which is equivalent. The proof is similar to the proof 

of &(X) < £(X) given in [Lov79]. Suppose that E x for x € V(X) gives a d/r- representation of 
X using only real projectors. Let 

1 , , 
v x = -y= vec(E x ) 



for all x € V(X), and let 



Note that 



^vee(/ d ) 



v T x v x = vec(E x ) T vec(E x ) = J Tr (E X E X ) 

1 , s 1 

= - Tr {E x ) = -r = 1 
r r 

and that 

c T c = — vec(/) T vec(J) = — d = 1. 
a a 

So the and c are unit vectors. Also, if x ^ x' , then Tr(E x E x i) = and therefore v^v x > — 
0. Therefore the v x give an orthonormal representation of X as required in Definition 6.3. 
Furthermore, 

c T v x = -^vec(I) T vec(E x ) = Tr(IE x ) 
V rd \/rd 

1 1 IT 

Tr(E x ) = —r = J- j 



rd 

for all x € V(X). This means that 

1 d 



This shows that < and taking complements yields the theorem. □ 

For a vertex transitive graph, one can show that its projective rank and quantum indepen- 
dence number are related. 

Lemma 6.5. If X is vertex transitive, then < ^ ) ■ 

Proof. Let X be a vertex transitive graph and let n = \V(X)\, m — a q (X), and let Ei X £ 
Mc(rf, d), for i 6 [m], x € V(X) be projectors which give a qunatum homomorphism from K m 
to X. Since X is vertex transitive, we can assume that all of the E\ x have the same rank r, and 
thus d = rn. For each x € Vpf), let F x = J2ie[ m ] ^ix- We claim that the F x give a projective 
representation of X with value n/m. Since Ei X Ej X = when i ^ j, the i 7 ^ are the sum of 
orthogonal projectors and are thus projectors. Furthermore, they have rank mr since each Ei x 
has rank r. If x ~ x', then 

E X F X / ^ ^ Ei X Ej X / 

i,je[m] 

since E ix Ej X > = if (i = j & x =^ x') OR (i 7^ j & (x ~ x' or x = x')). Therefore, the F x give a 
projective representation of X of value d/m,r — n/m = \V(X)\/a q (X). □ 
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Note that for vertex transitive graphs, this lemma gives an upper bound on a q (X) which is 
strictly stronger than the bound in Corollary 4.8. We have that 

6.2 Relation to Quantum Homomorphisms 

Our main result on projective rank is that, like it is respected by quantum homomorphisms. 

Theorem 6.6. If X — > Y, and Y has a projective representation of value 7 € Q, then X has a 
projective representation of value 7, and therefore £f{X) < (,f{Y). 

Proof. Suppose that X A Y, and that E xy e M c (d',d') for x G V(X), y £ V(Y) are the 
projectors which give the quantum homomorphism. Furthermore, let F y for y € V(Y) give a 
d/r-representation of Y. Define F x for x € V(X) as follows: 

F X = E X y ® Fj, . 

We will show that this is a projective representation of value ^ for X. First we must check that 
the F x are projectors. They are clearly Hermitian since the E xy and F y are, and so we only 
need to check that they are idempotents. We have that 

F X F X = J2 E xy ®F y \ I J2 E *v' ® Fy 

\yeV(Y) J \y'eV(Y) 

^ -Ej X yE X y! (^) FyFy! ^ ^ X y & -Fy ■ 

where the nontrivial equality follows from the fact that E xy E xy i — for y 7^ y' and that the 
E xy and F y are idempotents. Next we must check that F x F x i — for x ~ x'. We have that 

F X F X t = I E Xy ®Fy I E X lyl ® Fyl = E X y E X > y> ® Fy Fy> . 

\yeV(Y) J \y'eV(Y) J y,y'£V(Y) 

However, for x ~ a;', whenever y 7^ y' we have that E xy E x i y i — 0, and whenever y ~ y' we 
have that F y F y i = 0. Therefore, all of the terms in the sum above are for a; ~ a;' and thus 
F x F x i = in this case. 

Now all that is left to do is check that this representation has value -. The dimension of 
this representation is simply dd' since the E xy are in dimension d! and the F y are in dimension 
d. To compute the rank of F. x , we use the fact that rk(^4 + B) = rk(A) + rk(B) if A and B are 
projectors such that AB — 0, and the fact that YlyeviY) E xy = I- With these facts in mind, 
we have that 

rk(F x ) = rk E xy ®F y \ = ^ rk (E xy <g) F y ) 

\yeV(Y) J yeV(Y) 

= rk(E xy )Tk(F y )=r ME xy )=rd'. 

y£V(Y) yeV(Y) 

Therefore, the representation has value ^7 = 7 and thus £f(X) < -. □ 
The contrapositive of the above theorem gives us a way to show that there is no quantum 
homomorphism from some graph to another, however the projective rank may be very difficult 
to compute (it may not be computable at all) and so this may not be very useful in practice. 
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7 Concluding Remarks 



We have seen that quantum homomorphisms offer a naturaf generalization of quantum color- 
ings and that they respect the order of some known graph parameters such as Lovasz theta and 
entanglement-assisted zero-error capacity (after taking complements). We have also introduced 
a new parameter, projective rank, whose order is respected by quantum homomorphisms. Fur- 
thermore, we have used the notion of quantum homomorphisms to introduce quantum versions 
of graph parameters other than quantum chromatic number. Also, we have established various 
relations between these and the above mentioned parameters. As a summary, in Figure 1 we give 
a Hasse diagram comparing the investigated graph parameters. For two graph parameters / and 
g, we say that / < g if f(X) < g{X) for all graphs X. We also use the notation f(X) ■= f(X). 
Below we explain the relations depicted in Figure 1. 




UJ 



Figure 1: Partial Order of Graph Parameters. A circle enclosing two parameters indicates 
that it is not known whether they are comparable. A dashed line connecting two parameters / 
and g indicates that is not known whether f =/= g. 

We have that \ ^ X/iXgid since an n-coloring of a graph can be used to obtain fractional 
and quantum n-colorings and an orthogonal representation in dimension n. Furthermore, we 
have seen examples for which \ is strictly greater than these three parameters, such as Kneser 
graphs for \f and for Xq and £■ Therefore \ > XfiXqit,- 

Since X f(C 6 ) = 5/2 < 3 = Xg (C 5 ) = f(Cfe) and X/ (fi n ) = | V(fi„)|/a(fl„) > n = X ,(n„) = 
£(n n ) for n a sufficiently large multiple of four, we have that Xf and Xq are incomparable, as well 
as Xf and £. The fact that £/ < was discussed in Section 6.1, and £/ < Xq is Lemma 6.2 
from that section. The incomparabilities among X/> Xg> and £ imply that £/ cannot be equal to 
any of these, therefore £/ < xj> Xqii- 

Theorem 6.4 states that # < £/, and equality does not hold since tf(C 5 ) = VZ, and it can 
be shown that £/(C 5 ) = 5/2. In [DSW11] and [BcilO] it is shown that 9* < however it is an 
open question as to whether these two parameters are equal. 

Since 0* is the entanglement-assisted version of O, and the asymptotic version of Cq, clearly 
6* > Q,c* . In [LMM+12] and [BBG12],_ examples of graphs for which Cq, and thus 6*, is 
strictly larger than 6 are given, thus 6 < 9*. Since Cq(Cs) < $(Cg) = V5 and Cg is an integer, 
we have that Cg(C 5 ) = 2 < V5 = 9*(C 5 ), and thus Cq < 9*. 

Our Theorem 5.1 is equivalent to uj q < Cq. However, as mentioned in Conjecture 5.2, we 
believe that ui q and Cq are in fact equal. Since an n-clique is also a quantum n-clique, we have 
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that oj < uj q , and our Corollary 4.7 provides examples of graphs with quantum clique number 
strictly greater than clique number (after taking complements). 

Since is the asymptotic version of w, we have that to < 0. Also, o;(Cg) = 2 < v5 = ©(C5), 
so these parameters are not equal. 

To see that is not comparable with either Cg or to g , note that 2 = ^(Cs) < ^(Cs) < 
c*(C 5 ) = 2 < V5 = 0(C 5 ). Combining this with the examples from [LMM+12] and [BBG12] 
mentioned above, we see that Cq and are incomparable. Furthermore, to obtain the lower 
bound on Cg for those examples, the authors use projective measurements and a maximally 
entangled state. Therefore by our Theorem 5.1 we have that ui q is not comparable to 0. 



7.1 Open Questions 

Perhaps the most central question is whether it is decidable if X A Y for arbitrary X and Y. 
If we fix the dimension of the projectors Alice and Bob are allowed to use in their strategy for 
the (X, Y")-homomorphism game, then this question reduces to determining if a particular set 
of quadratic equations in a finite number of variables has a solution and is therefore decidable. 
So bounding the dimension needed for a quantum homomorphism would resolve this problem. 
This question remains open even for the specific case of quantum colorings. 

We have seen separations between classical and quantum versions of chromatic number and 
independence/clique number, but what about other parameters? In particular, can we find a 
graph X that has odd girth strictly greater than quantum odd girth? See the introduction to 
Section 4. 

In light of Theorem 5.1, it is natural to ask if a q (X) = Cg(X) for all graphs X . We believe 
this to be the case. A positive answer would imply that the entanglement-assisted zero-error 
capacity of a channel can always be attained using projective measurements on a maximally 
entangled state, thus resolving an open problem from in quantum information theory. 

The definition of projective rank uses an infimum, and it is of interest whether or not that 
infimum can be replaced by a minimum, i.e. that the value of £/(A) is always obtained by 
some projective representation of A. Even if this is not the case, one may ask if £/(X) is always 
rational. One possible approach to the former question is to try to come up with a different proof 
that the fractional chromatic number of a graph is always attained by some homomorphism into 
a Kneser graph. The current proof relies on the fact that fractional chromatic number can be 
written as a linear program and therefore can always be attained. 

So far the only examples of graphs X and Y such that and X — » Y are with one of 

X and Y being complete. Note that Lemma 4.12 can be used to construct examples in which 
neither X nor Y is complete. However, for the examples we constructed it turned out that 
X — » K n , X K„, and K n is a subgraph of Y for some n € N. Therefore we are interested in 
whether there exist graphs X and Y such that X — > Y, X -/> Y, and there is no n G N such that 
X K n — > Y. Finding a graph Y with og(F) > og q (Y) > 5 would give us such an example in 
addition to providing a separation for odd girth. 

The relation " — ¥ " gives rise to a partial order on homomorphic equivalence classes of graphs. 
This partial order is known as the homomorphism order of graphs, and has been heavily studied 
and possesses many remarkable properties [HN04, HT97]. In the same way, one can consider 
the quantum homomorphism order of graphs. The quantum homomorphism order can easily 
be shown to be a lattice with the same meet and join operations as the homomorphism order. 
Since X — > Y => X — > Y, the quantum homomorphism order is a (poset) homomorphic image 
of the homomorphism order. It is now natural to ask which properties these orders share? In 
particular, is the quantum homomorphism order dense? 

Although we have focused on quantum strategies for the homomorphism game, some of the 
proofs do not rely on the type of strategy being used. What separates results proved in this 
manner from results which require explicit use of the type of strategy being considered? 
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